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1 Objectives

In work package 2 (Hydrometeorological droughts) the statistical properties of long time
series of precipitation and streamflow are analysed and emphasisis given to the regional
aspect of hydrometeorological droughts. Two regionalisation tools are applied and
compared, empirical orthogonal functions (EOFs) and L-moments. The regional
characteristics of meteorological and hydrological droughts are compared, and
homogeneous regions with respect to statistical properties (the EOF method) and
frequency distribution (L-moments) of the extreme values of drought duration and deficit
volume are identified. The method of EOFs s also, in combination with various
interpolation techniques, applied as atool to estimate the spatial distribution of drought
characteristics, allowing the spatial extent of the drought to be mapped.

Section 2 and 3 of this technical note present the method of EOFs and L-moments,
respectively. Both methodology details (theory and estimation procedures) as well as
regionalisation approaches are discussed. In Section 4 application of the two methods are
demonstrated using results from work package 2.3 (Regional drought characteristics), and
adiscussion of the suitability of the two methods for regional analysisisincluded.

2. The EOF Method

2.1 Introduction

The method of Empirical Orthogonal Functions (EOFs) also referred to as Principal
Component Analysis has been described in many textbooks and articles. For a detailed
description see Essenwanger (1976). Thereisalong tradition for applying the method in
statistical analyses. The method is suitable for studies of variation patternsin time and
gpace and for concentration of information in large data sets. Meteorol ogists started to
use the EOF method for studies of variation patterns in temperature, precipitation and
pressure fields (Grimmer, 1963; Stidd, 1967; Holmstrom & Stokes, 1978). The method
has been applied by hydrologists from the |ate seventies, for example by Gottschalk &
Krasovskaia (1979) for interpolation of water balance elements; by Bartlein (1982) for
studies of anomaly patterns in monthly discharge in the USA and southern Canada; and
later by Hisdal & Tveito (1992; 1993) for extension of runoff series and combined with
kriging to generate runoff at ungauged locations. In Krasovskaia & Gottschalk (1995) the
method was applied to study regional drought characteristics.

2.2 Method

The principle behind the EOF method applied in time series analysisis alinear
transformation of spatially correlated series from aregion into two sets of orthogonal and
thus uncorrelated functions. The result is a set of series describing the temporal variations
in the original data set and a set of series describing the spatial variability in the region
from which the original series are collected. A short description of the method based on
Hisdal & Tveito (1993) is given below. In thiswork the data series studied were daily
streamflow records (1931-1980) from the southern part of Norway.



Let Q(ui,t) refer to measured streamflow at a station i anong N(i=1,...,N) in acertain
domain Q. u corresponds to a two-dimensional plane u=(x,y) and t isthe time.

To suppress the influence of catchment area in the EOF analysis, a standardisation giving
the runoff series zero mean and standard deviation equal to unity gives the best results
(Haan, 1977):

Q(u; 1) _6i .

SQi

X (u.,t) = i=1,..N (1)

where:
X(u,,t) are standardised streamflow series

Q, isthe mean value of the seriesi
S, IS the standard deviation of seriesi

The linear transformation can then be described as;

X (1) = ih,— B, ) @

where:
h; (u) areweight coefficients (elementsof eigenvectors) describing the transformation

B, (t) arethe EOFsdescribing the variation common toall original series

In a continuos formulation it can be shown that the eigenfunctions for the domain Q2 are
the solution to Fredholms homogeneous integral equation (Davenport & Root, 1958):

J:R(u,u')hj (u)du'= p;h; (u) 3

where:
R(u,u’) isthecorrelation function of the process X(u,t)
; aretheeigenvaluesof the correlation matrix of the process X (u, t)

The EOFs can be obtained from an orthogonal projection of X(u,t) on the eigenfunctions:
B; (1) :J:X(u,t)hj (u)du 4

The following double orthogonality properties are then valid:



[hy @h (u)du =5, ®)

EB, (t) B (V)] = 11,0, (6)

where:
0, istheKronecker delta

An estimation of the weight coefficients h;(u) requires anumerical solution. A ssimple
way to approximate equation (3) is suggested by Holmstrém & Stokes (1978):

N
ZR(ui.U.)hj (u) = ph;(u) (7)
Equation (4) can be approximated by:
N
Bj ) = ZX(Ui,t)hj (u) 8)
Furthermore, the standardised river flow of a catchment can be described as:
M
X'(ui,t) = 3 hj(u)B;(t) ©)
=1

A few of the EOFs ((t)) will contain most of the variationsin the original streamflow
series. They are arranged in descending order according to the proportion of variance
explained by each function. Often most of the variance in X(u,t) can be described by a
few EOFs (e.g., Hisdal & Tveito, 1993), and redundant information can be removed
using only afew of the EOFs (M<N). The origina streamflow records are totally
described if all EOFs are applied (M=N).

The EOFs describe the temporal variation in streamflow in the region from which the
origina streamflow records were collected, and are common to all the initial series. In
figure 1 an illustration of the three first EOFs based on daily streamflow records from a
region with dominant snowmelt maximum flow in spring can be seen. The main cause of
streamflow variability in the region, the snowmelt flood, can clearly be identified in the
first EOF. The second EOF could be interpreted in terms of adelay in the timing of the
spring flood, whereas the interpretation of the third EOF is more difficult. Interpretation
of the physical meaning of EOFs where the original series have no main cause of
variability isdifficult (see figure 2, section 4).

The hj(u) describe the spatial variation of the original series, and can thereby be applied
in aregionalisation study as described in section 2.3.
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Fig. 1. Thethreefirst EOFsbased on daily streamflow from aregion with snowmelt flood.

The fact that these series (t) and the series hj(u) are referred to by different names by
different authors might lead to confusion. In the following are some examples including
the purpose for which the method was applied:

» Gottschalk (1985) applied the EOF method as atool for regionalisation. In his article
the temporal series, 5(t), are referred to as EOFs or amplitude functions and the
spatial series, hj(u), as weight coefficients or elements of eigenvectors.

* Rao & Hsieh (1991) adopted the method for estimation of variables at ungauged
locations. They regarded hj(u) as spatial EOFs and f5(t) as temporal EOFs.

* Lins(1985) studying interannual streamflow variability in the United States, used the
term principal components for the h;(u) and component scores for the 5(t).

e PandZic¢ & Trnini¢(1991) presented a comprehensive consideration of the pattern of
monthly streamflow, precipitation and water balance in ariver basinin Yugoslavia
They applied the term principal component loadings for the h(u) and principal
component scores for the 5(t).

» Creutin & Obled (1982) analysing rainfall fields, named h;(u) eigenfunctions and f(t)
coefficients of the expansion.

2.3 Regionalisation

The weight coefficients, h;(u), describe the contribution of the EOFs to the original time
series and can be regarded as the spatial component of the process X(u,t). They vary
between the initial series but are constant in time. The main common property of the



initial seriesisreflected in the first EOF (ref. figure 1). The proportion of thismain
feature needed to obtain the original series at individual observation points, isreflected in
the first weight coefficient. The second largest contribution to the total variability of the
original seriesis described by the second EOF, and it’s contribution to the original series
is reflected through the second weight coefficient.

If areasonable proportion of the total variability is described by the two first EOFs, a
two-dimensional plot of hy(u) for j=1 and j=2 on a scatter diagram can serve to identify
groups of stations with equal properties (e.g. figure 3, section 4). Other graphical
presentations might allow for aregional classification based on more than two weight
coefficients. The method is therefore applicable for regionalisation purposes. Gottschalk
(1985) applied the method as atool for regionalisation of daily streamflow in Sweden.
The same approach was applied in a comparative study of different regionalisation
methods for streamflow in Norway (Hisdal & Tveito, 1990).

The EOF method applied for regionalisation can be classified as a statistical method. As
for cluster analysisthe basisis atype of measure that reflects the distance between two
points. In case of the EOF method the correlation coefficient is regarded as the distance
function. As opposed to cluster analysis the group structure formed by the weight
coefficients has to be assessed by eye. The groups identified in the scatter plot do not
necessarily form geographically coherent regions on a map.

One advantage applying the EOF method is the fact that redundant information
influencing the original series has been removed. The regionalisation is based only on
differences in the main characteristics of the original series. This could give more distinct
groups of stations. A disadvantage is, however, the complicated physical interpretation of
the EOFs. The clusters obtained might therefore be difficult to explain. Aswith many
other regionalisation procedures a limitation of the method is the requirement of the
initial seriesto cover acommon time period and be without missing values.

3 L-moments

3.1 Introduction

Hosking's (1990) method of L-moments has found widespread application in statistical
analyses of hydrological data. L-moments are weighted linear sums of the expected order
statistics and are analogous to conventional moments used to summarise the statistical
properties of a probability function or an observed data set. The use of L-moments covers
the characterisation of probability distributions, the summarisation of observed data
samples, the fitting of probability distributions to data, the testing of hypotheses about
distribution form and the identification of homogeneous regions. Gottschalk &
Weingartner (1998) introduced an approach based on expected order statisticsand L-
moments for analysing the appearance of simple scaling and multiscaling in regiona data
sets on floods.



3.2 Method

3.2.1 Définition

Let X be areal-valued random variable with cumulative distribution function F(x) and
quantile function x(F), and let X(1.n) < X2:n) < ... < Xn:n) be the order statistics of arandom

sample of size n drawn from the distribution of X. The first four L-moments are then
defined as:

A= Elxal)J

A =3 E[x(zz) - X(12)]

A =3 E[X(as) ~2X o9 * X(rs)] oo
Ay =% E[X(4z4) ~3X(ag) ¥3X 20y ~ X(M)]

where E stands for expectation. The first moment equals the mean (E[ X] ), and the second
moment is ameasure of variation based on the expected difference between two
randomly selected observations. It is common to standardize moments with higher order
to make them independent of the unit of measurement of X. L-moment ratios, the L-
coefficient of variation (72), L-skewness (13) and L-kurtosis (74), are defined as:

=2
A
A3
T,=— 11
=, (11)
A,
T,=—
f

2

Skewness describes the rel ative asymmetry of a distribution, whereas kurtosis indicates
the thickness of adistributions tail (peakedness). L-moment ratios are bounded, and the
value of 7, = A/A; for r=3 lies between —1 and +1.

Generdly, the L-moments of X are defined to be the quantities:

r ‘12(—1)" E k_l%[x(r_m] (12)

wherer isthe order of moment (r =1,2,...), and

M= -

isthe number of combinations of any k items from (r-1) items.

A,



The ‘L’ in L-moment emphasizesthat A isalinear function of the expected order
statistics E[ X¢-«n)] . The expectation of an order statistic is given as (e.g. Gibbons, 1985):

1

E[x(r:n)] =m

1

[X(F)F “1-F]""dF (14)
0

From this the first L-moments are derived as (Hosking, 1990):

A, = E[X] =}x(|:)d|:

. 1
Ao = 1 E[X gy = X | = [X(F)(2F ~D)aF
0
(15)
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Wang (1997) introduced LH moments, a generalization of L-moments that are based on
linear combinations of higher-order statistics. The first moment is defined as the
expectation of the largest value in a sample of size n+ 1, and provides a measure of the
location of adistribution. Generally, the moment of order r considers the rth largest value
in asubsample of sizer+n. When n = 0 the LH moments become identical to ordinary L-
moments. As ) increases, LH moments (labeled Ln- moments) reflect more and more the
upper part of distributions and larger events in the data. The method reduces the influence
that small sample events may have on the estimation of large return period events, but is,
however, sensitive to the determination of the appropriate value of ), the subsample size
chosen. LL-moments can similar be defined considering the rth smallest valuein a
subsample of sizer+n.

3.2.2 L-moments estimators

L-moments are defined for a probability distribution (ref. Eqg. 15), but in practice
estimation of L-moments must be made from a random sample drawn from an unknown
distribution. Let X1:n) < X2:n) < ... < Xn:n) be the ordered sample from the observed sample
of sizen.

U-gtatistics

The L-moment of order r, A, isafunction of the expected order statistics of a sample of
sizer, and can be estimated using a U-statistic (Hoeffding, 1948). A U-statistic isthe
corresponding function of the sample order statistics averaged over all subsamples of size
r which can be drawn from the observed sample of size n. For the first four sample L-
moments we get:
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PWMs

It isnot necessary to iterate over al subsamples of sizer, which can be quite large even
for arelatively small sample size n. The L-moment statistic can be expressed explicitly as
alinear combination of order statistics of a sample of size n (Hosking, 1990). The order
statistics (X(:n) are commonly expressed in terms of probability weighted moments
(PWMs), and procedures based on PWMs and L-moments are equivalent. Greenwood et
a. (1979) defined PWMsto be the quantities:

M, = EXP[F O] Te- F(x )} (17)
where p, r and s are real numbers. They adopted the convention:
My, o=8 = E{X[F (x)]r} (18)

for usein statistical inference procedures. A simple, but biased estimator of 3 can be
obtained using a plotting position estimator of F(X.n), Pgi:n (Stedinger et a., 1993):

b: = n_l Z X(i:n) [p(i:n)] r (19)
Estimators of L-moments obtained using unbiased PWM estimators, by, are given by:
r-1 .
Ir = z pr—l,k bk
where

b =i (-D(-2)..(-1) (20)
f 2 (n-1)(n-2)..(n-r) ¢

v 48




Thefirst four L-moments are calculated as:

A =B

A, =2B, =B,

Ay =6B, -6, + [,

A, =208, =308, +12p, - B,

(21)

Replacing sample estimators (by) into equations (21) provides the corresponding
estimates for the L-moments. A library of FORTRAN subroutines useful for L-moment
analysesis provided by Hosking (1991), and Stedinger et al. (1993) describe how to
obtain the software by e-mail.

Direct estimators

Wang (1996) provides direct estimators of L-moments which eliminate the need for
introducing PWMs. The estimation procedure follows closely the definition of L-
moments by covering all possible combinationsin a more efficient way. For the sample
value X:n) there are (i-1) values < X;;.n) and (n-i) values = X, and for each subsample of
sizer, the number of values drawn from each of these categories are considered. The first
four direct estimators are given by:

gg
RN
pr:»
pi:

OOII—‘ I\)IH
'_\

=

(22)
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A Fortran subroutine is included which alows the readers to calculate the L-moments
using the derived direct estimators.

N

-bIH

Pl otting-position estimators

A plotting position (p.n) is adistribution-free estimator of F(X.n)). It provides away to
estimate quantities of the form x(F)n(F)dF, where n(F) isafunction of F alone.
Equation (15) showsthat A, is of thisform, and it can be estimated by (Hosking, 1990):

=35 e 23
r £ r-1,k in (i:n)




which is equivalent to using the PWM estimator in (19) in combination with the L-
moment estimator in (20). This approach does not provide unbiased estimators of A.. The
choice pji:n) = (i-0.35)/n has proved to give good results for the generalized Pareto, GEV
and Wakeby distributions (Hosking, 1990).

Comparison of estimators

The numerical values of the unbiased sample estimators using U-statistics, PWMs and
direct estimators are the same. (Landwehr et al., 1979) recommend the use of biased
estimates of PWMs and L-moments, since such estimators often produce quantile
estimates with lower root-mean-square error than unbiased alternatives. Although thereis
no theoretical reason for preferring plotting-position estimators, experience has shown
that they sometimes yield better results when a distribution isfitted to data at asingle
site. The unbiased estimators are recommended for calculating L moment diagrams and
for use with regionalisation procedures where unbiasedness is important (Stedinger et a.,
1993). Unbiased estimators are preferred because they have less bias for estimating L-
moment ratios (Vogel & Fennessey, 1993).

3.2.3 Advantages of using L-moments

L-moments provide a unified approach to statistical inference for complete samples from
continuos univariate distributions. The main advantage of L-moments over conventional
product momentsis that L-moments, being linear function of the data, suffer less from
the effect of sample variability. For example, the second order product moment (standard
deviation) and L-moment both measure the difference between two randomly drawn
elements of adistribution. However, in case of standard deviation (o) more weight is
given to the largest differences as these are squared:

Ao = YoE[X 197X 2:2)] 0% = VE[X 12X 22" (24)

The product moment-based measure of skewnessis similar very sensitive to the extreme
tails of the distribution (differences are now cubed), and is therefore difficult to estimate
accurately when the distribution is markedly skew. Vogel & Fennessey (1993)
demonstrated that sample product estimators of standard deviation and skewness
exhibited significantly bias, even for extremely large sample sizes. The study by
Sankarasubramanian & Srinivasan (1999), suggests, however, that product moments are
preferable at lower skewness, particularly for smaller samples, while L-moments are
preferable at higher skewness, for all sample sizes.

L-moment estimators, when compared with those of maximum likelihood estimators,
usually show the method of L-moments to be reasonable efficient (Hosking, 1990).
Hosking et al. (1985) reported that L-moment estimators had alower root-mean-square
error for the GEV distribution than the maximum likelihood estimates, and similar results
were obtained by (Hosking & Wallis, 1987) for the generalized Pareto distribution.

Generally, L-moments are more robust to extreme values in the data and enable more

secure inferences to be made from small samples about an underlying probability
distribution (Hosking, 1990). A distribution might be specified by its L-moments even if
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some of its conventional product moments do not exist, and such a specification is always
unique, which is not true for product moments (Hosking, 1990). Stedinger et al. (1993)
provide formulas for the parameters of several distributions in terms of sample L-
moments. The advantages offered in hypothesis testing, boundedness of moment ratios
and identification of distributions have been discussed in detailed by Hosking (1986,
1990). The advantages of L-moment ratio estimators over product moment estimators are
thoroughly discussed by Vogel & Fennessey (1993).

3.3 Regionalisation

In aregional analysis data sets from several sites are included and homogeneous regions
in terms of the variable being studied are identified if possible. L-moment ratio diagrams
permit the identification of homogeneous regions or grouping of catchments with respect
to the distribution properties of the variable of interest. L-moment ratios (coefficient of
variation, skewness and kurtosis) are analogous to ordinary product moment ratios
plotted to yield an L-moment ratio diagram. The diagram summarises basic properties of
theoretical probability distributions and observed samples, and has shown to be a
powerful tool to depict contrasts between different samples (Hosking & Wallis, 1993;
Vogel & Fennessey, 1993).

Figure 4 (section 4) shows an L-moment ratio diagram where L-skewnessiis plotted
against L-kurtosis for observed drought samples and theoretical distributions. L-moments
are here estimated using unbiased estimates of the PWMs. Two parameter distributions
will show as points in the diagram, whereas three parameter distributions are depicted as
curves. Ratio diagrams using L-coefficient of variation and L-skewness can similar be
applied as amean to obtain a general overview of the statistical properties of the sample
observations (Gottschalk et al., 1997; Tallaksen & Hisdal, 1997).

L-moments are therefore well adapted to regional frequency analysis, a‘region’ here
meaning a group of catchments which is assumed to have data drawn from the same
frequency distribution. Hosking & Wallis (1993) describe three statistics based on L-
moments that are useful in regional frequency analysis. a discordancy measure, for
identifying unusual sitesin aregion; a heterogeneity measure, for assessing whether a
proposed region is homogeneous; and a goodness of fit measure for assessing whether a
candidate distribution provides an adequate fit to the data. The suggested tests provide
objective tools for the decisions involved in regional frequency analysis, and have been
applied for homogeneity testing using annual maximum streamflow drought datain New-
Zedland (Clausen & Pearson, 1995).

4 The EOF method and L-moments applied on drought data

Theregional characteristics of severe seasonal droughts have been analysed by looking at
the extreme value properties of annual maximum series (AMS) of drought characteristics
using both the L-moment diagram and the EOF method (Tallaksen & Hisdal, 1997). A
Nordic data set of 52 catchments covering 60 years of daily flow data was used to derive
the AMS of drought duration and deficit volume using the threshold level approach. L-
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moment diagrams showed that the generalised Pareto distribution gave the best overall fit
to the annual and summer drought samples. Deficit volume exhibited a more long-tailed
behaviour than the distributions obtained for duration, and alower variance cover was
found for deficit volume using the EOF method. The two methods provided virtually the
same conclusions with regard to clustering of catchments, and large scale trends were
found which confirmed aregional pattern.

The low number of stationsin the study hampered, however, a consistent regional
comparison between catchments with the same summer season. In a new data set the
number of stations was increased at the expense of the length of the observation series,
and only stations with dominant summer low flow were included. This data set covers
mainly the southern part of Scandinavia, i.e. Denmark and southern Sweden, but also
catchments located aong the coastline of Norway. The 30 series cover acommon 30-year
period (1965-1994). Annua maximum drought volumes for the summer season (May 1 —
November 31) were derived from daily streamflow records applying the 70 percentile
from the flow duration curve as athreshold level. Application of the EOF method and L-
moments as tools for regionalisation are demonstrated below for this new data set.

Figure 2 presents an example of the three first EOFs. Together they cover about 68% of
the total variability. The large negative value of the first EOF in 1976 can be interpreted
asthe severe drought this year that also covered large parts of the Nordic countries. It
was followed by a general wet period in the 80’ s and subsequent dryer 90's. A physical
interpretation of the second and third EOF is problematic.

Empirical Orthogonal Functions

First EOF
-1 Second EOF
—— Third EOF
-2
'3 I 1 1 1 1
O o L0 o L0 o
© ~ N~ 0 © =X
(@) ()} (@) ()} (@) (@)
— — — — — —

Year

Fig. 22 Thethreefirst EOFsbased on annual maximum deficit volume.
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In figure 3 the two first weight coefficients corresponding to the first and second EOF in
figure 2 are shown. Stations are | abelled separately by country as afirst step to judge
whether or not it is possible to identify different geographical regionsin the sample. A
clear clustering of stations can be seen, and asillustrated in the figure, this can to alarge
extend be explained by geographical location.

Second w.c.

Weight coefficients

B Norway
W Denmark
Sweden

1.5 4
1
‘ﬁ. 65
i q—‘ T T 0 = T
1.5 - m -1 -0.5 05 0.5
1
15
|
2 =
| |
25
3
First w.c.

Fig. 3: First and second weight coefficient based on annual maximum deficit volume.

L-kurtosis

L-moment ratios, AMS-volume
daily riverflow, Nordic region

L-skewness

—— Gen. Pareto
— GRvV
Lognormel
Gamma
B Nornel
Bxponential
m  Gunbel
Norway
Denmark
Sweden

Fig. 4: L-moment diagram for annual maximum series of deficit volume.
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Figure 4 shows the corresponding sample L-moments plotted together with several
theoretical distribution functions. Again the generalised Pareto distribution seemsto give
the best overall fit to the data. The stations are, asin figure 2, labelled by country, and
similar grouping of stations can be seen in the L-moment ratio diagram. The Norwegian
stations are, however, clearer identified as a cluster in the EOF plot. In case of L-
moments objective methods for delineating homogeneous regions are available as
described in section 3.3. A more detailed presentation and discussing of the results will
be given in the ARIDE annual report 1999.

References

Bartlein, P.J. (1982) Streamflow anomaly patterns in the USA and southern Canada 1951-70. J.
Hydrol. 57 (1/2), 49-63.

Clausen, B. & Pearson, C.P. (1995) Regional frequency analysis of annual maximum streamflow
drought. J. Hydrol., 173, 111-130.

Creutin, JD. & Obled, C. (1982) Objective analyses and mapping techniques for rainfall fields:
an objective comparison. Wat. Resour. Res. 18 (2), 413-431.

Davenport, W.B. & Root, W.L. (1958) An introduction to the theory of random signal and noise.
McGraw-Hill, New York, USA.

Essenwanger, O. (1976) Applied statistics in atmospheric science. Developmentsin Atmospheric
Science 4A, Elsevier, Amsterdam, the Netherlands.

Gibbons, J.D. (1985) Non parametric statistical inference. Marce Dekker, Inc., New Y ork.

Gottschalk, L. (1985) Hydrological regionalization of Sweden. Hydrol. Sci. J. 30 (1), 65-83.

Gottschalk, L. & Krasovskaia, |. (1979) Synthetic approach to regiona hydrology and
physiography. SMHI, Research and Training Department, Norrképing, Sweden.

Gottschalk, L. & Weingartner, R. (1998) Distribution of peak flow derived from a distribution of
rainfall volume and runoff coefficient, and a unit hydrograph. J. Hydrol ., 208, 148-162.

Gottschalk, L., Tallaksen, L.M. & Perzyna, G. (1997) Derivation of low flow
distribution functions using recession curves. J. Hydrol. 194, 239-262.

Greenwood, JA., Landwehr, JM., Matalas, N.C. & Wallis, J.R. (1979) Probability weighted
moments: definition and relation to parameters of severa distributions expressiblein
inverse form. Wat. Resour. Res., 15, 1049-1054.

Grimmer, M. (1963) The space-filtering of monthly surface anomaly datain terms of pattern
using empirical orthogonal functions. Quart. J. Roy. Met. Soc. 89, 395-408.

Haan, C.T. (1977) Satistical methodsin hydrology. The lowa State University Press, Ames,
lowa, USA.

Hisdal, H. & Tveito, O.E. (1990) Regionalisation and the EOF-method (Regioninndeling med
henblikk pa EOF-metoden, in Norwegian), UiO-NV E, Oppdragsrapport 4-90, Oslo,
Norway.

Hisdal, H. & Tveito, O.E. (1992) Generation of runoff series at ungauged locations using
empirical orthogonal functions in combination with kriging. Stochastic Hydrol. Hydraul.
6, 255-269.

Hisdal, H. & Tveito, O.E. (1993) Extension of runoff series using empirical orthogonal functions.
Hydrol. Sci. J. 38 (1/2), 33-49.

Hoeffding, W. (1948) A class of statistics with asymptotically Normal distribution. Ann. Math.
Satist., 19, 293-325.

Holmstrom, 1. & Stokes, J. (1978) Statistical forecasting of sealevel changein the Baltic. SVIHI
Rapporter, Nr RMK9, Norrkoping, Sweden.

14



Hosking, J.R.M. (1986) The theory of probability weighted moments. Research Report RC12210,
IBM Research, Y orktown Heights.

Hosking, J.R.M. (1990) L-moments: Anaysisand estimation of distributions using linear
combinations of order statistics. J. R. Statist. Soc., Ser. B, 52, 105-124.

Hosking, J.R.M. (1991) Fortran routines for use with the method of L-moments. Research Report
RC17097, IBM Research, Y orktown Heights.

Hosking, JR.M. & Wallis, J.R. (1987) Parameter and quantile estimation for the generalized
Pareto distribution. Technometrics, 29, 339-349.

Hosking, JR.M. & Wallis, J.R. (1993) Some statistics useful in regional frequency analysis. Wat.
Resour. Res., 29(2), 271-281.

Hosking, JR.M., Wallis, J.R. & Wood, E.F. (1985) Estimation of the generalized extreme-value
distribution by the method of probability-weighted moments. Technometrics, 27, 251-
261.

Krasovskaia, | & Gottschalk, L. (1995) Analysis of regional drought characteristics with
empirical orthogonal functions. In: Z. W. Kundezewicz (Ed) New uncertainty conceptsin
hydrology and water resources, International hydrology series, Cambridge university
press, 163-167.

Landwehr, JM., Matadas, N.C. & Wallis, J.R. (1979) Probability weighted moments compared
with some traditional techniquesin estimating Gumbel parameters and quantiles. Wat.
Resour. Res., 15(5), 1055-1064.

Lins, H.F. (1985) Interannual streamflow variability in the United States based on Principal
Components, Wat. Resour. Res. 21 (5), 691-701.

Pandzi¢, K. & Trnini¢, D. (1991) Principa component analysis of the annual regime of
hydrological and meteorological fieldsin ariver basin, Int. J. Clim. 11, 909-922

Rao A.R. & Hsieh, C.H. (1991) Estimation of runoff at ungauged |ocations by empirical
orthogonal functions, J. Hydrol. 123, 51-67.

Sankarasubramanian, A. & Srinivasan, K. (1999) Investigation and comparison of sampling
properties of L-moments and conventional moments. J. Hydral., 218, 13-34.

Stedinger, J.R., Vogel, R.M. & Foufoula-Georgiou, E. (1993) Frequency anaysis of extreme
events. In: D.R. Maidment (Editor), Handbook of Hydrology. McGraw-Hill, New York ,
p. 18.41.

Stidd, C.K. (1967) The use of eigenvectorsfor climate estimates. J. Appl. Meteorol. 6, 255-264.

Tallaksen, L.M. & Hisdal, H. (1997) Regiona analysis of extreme streamflow drought duration
and deficit volume. Proceedings of the 3" Internationa conference on FRIEND, 1-4 Oct.
1997, Postojna, Slovenia, IAHS Publ., 246, 141-150.

Vogel, R.M. & Fennessey, N.M. (1993) L-moment diagrams should replace product moment
diagrams. Wat. Resour. Res., 29(6), 1745-1752.

Wang, Q.J. (1996) Direct sample estimators of L moments. Water Res. Res., 32(12), 3617-3619.

Wang, Q.J. (1997) LH moments for statistical analysis of extreme events. Water Res. Res.,
33(12), 2841-2848.

15



	1.pdf
	Lena M. Tallaksen & Hege Hisdal

	2.pdf
	Contents
	1	Objectives										1

	3.pdf
	Technical Note to the ARIDE project, WP 2.3-No1				October 1999
	Method for Regional Classification of Streamflow Drought Series:
	
	
	
	
	
	The EOF method  & L-moments


	Lena M. Tallaksen 1 & Hege Hisdal 1,2
	1 Department of Geophysics, University of Oslo, Norway
	
	List of content								      page





	L-moments are defined for a probability distribution (ref. Eq. 15), but in practice estimation of L-moments must be made from a random sample drawn from an unknown distribution. Let x(1:n) ( x(2:n) ( … ( x(n:n) be the ordered sample from the observed sam
	U-statistics
	
	
	(16)



	PWMs
	Direct estimators
	Plotting-position estimators
	Comparison of estimators

	References


